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DEPARTMENT OF MATHEMATICS, KYOTO UNIVERSITY
$0$ :
1741 L. Euler .
$(P)$ $\prod_{k=1}^{\infty}(1-q^{k})=\sum_{n=-\infty}^{\infty}(-)^{n}q^{\frac{n(Sn-1)}{2}}$ .
$q$
$\frac{n(3n-1)}{2}$ , 1, 5, 12, 22, $\cdots$ ,
.
Euler , (Euler )
, $\langle$ 1750 , Euler $\mathrm{J}\mathrm{a}c\mathrm{o}\mathrm{b}\mathrm{i}$
, Raffilin ,







. (trace identity) .
, “ ” ,
. $X,$ $\mathrm{Y},$ $Z$
$X=$ ( $11$ $111$ $..$ . $\cdot.\cdot.::$ ) $\mathrm{Y}=$
















. Weil ( ) .
. ,












, Euler G.E. Andrews [A1] (




. : $(a;q)_{0}=1$ $n\geq 1$
$(a;q)_{n}= \prod_{k=0}^{n-1}(1-aq^{k})$ , $(a;q)_{-n}= \prod_{k=1}^{n}(1-aq^{-k})^{-1}$









Euler . $\mathrm{K}$ , $q$
K[ ] . $n=1,2,$ $\cdots$
(3.1) $f_{n}=(q;q)_{n}= \prod_{k=1}^{n}$ $(1-q^{k})$ ,
90
(3.2) $g_{n}=(1;q)_{-n}= \prod_{k=1}^{n}(1-q^{-k})^{-1}=(-)^{n}\frac{q^{\frac{n(n+1)}{2}}}{f_{n}}$
. , $0$ $f_{0}=g_{0}=1$ . $\mathrm{K}[[q]]$
$f_{n}$ $g_{n}$ $narrow\infty$ : $\mathit{9}\infty=0$








. (3.4) $n=0$ $\mathit{9}-1=0$ , .
Remark: (1.3) and $(1.3^{*})$ , (3.5)
$\Delta_{n}^{\pm}(q^{mn})=\mp(1-q^{\pm m})q^{mn}$












Euler – , .
– , $A$ ,
. ultrametric topological ring $\mathrm{K}[[q]]$ ,
, –
, .
$A$- $(\Phi, \Psi)$ .
$\Phi=(\Phi_{n,m})$ $(n\geq 0, m\geq 0)$ ,
$\Psi=(\Psi_{n,m})$ $(n\geq 0, m\geq-1)$
. (3.6) ,
$(C)$ $\Delta_{n}^{+}(\Phi_{n,m})=-\Delta_{m}^{-}(\Psi_{n,m})$ $(n\geq 0, m\geq 0)$
. ,
. Euler .
$(C^{*})$ $\Delta_{m}^{+}(\Psi_{n,m-1})=-\Delta_{n}^{-}(\Phi_{n+1,m})$ $(n\geq 0, m\geq 0)$ .
, $(\Phi, \Psi)$ $(C)$ $(\Psi^{**},\Phi)$ $(C)$
.
$(R)$ $\Psi_{n,m}^{*}=\Psi_{m,n-1}$ , $*\Phi_{n,m}=\Phi_{m+1,n}$ .
$(R)$ , :





















. $(L\Psi_{n})$ $(L\Phi_{m})$ ,
, Euler (1.3) ( $(1.3^{*})$ )
.
4.1: $(\Phi, \Psi)$ $(C)$ . ,
, . $\varphi_{n}$ $\psi_{m}$ .
(1) $\Delta^{+}\varphi_{n}=-\Psi_{n,\infty}+\Psi_{n,n}-\Phi_{n,n}$ $(n\geq 0)$ ,
(2) $\Delta^{-}\psi_{m}=-\Phi_{\infty,m}+\Phi_{m,m}-\Psi_{m-1,m-1}$ $(m\geq 0)$ .
93
. , (2) $m=0$ $\Psi_{-1,-1}=0$ .
, ( )
. , . ,
.
42: , $\varphi_{n}$ $\psi_{m}$ $(A)(B)$ .











(3) $\sum_{n=0}^{\infty}(\Phi_{n,n}-\Psi_{n,n})=\alpha_{0}-\beta_{\infty}^{S}-\varphi_{\infty}=\alpha_{\infty}^{S}-\beta_{-1}+\psi$ $-\Psi_{\infty,\infty}$ .
.














$\alpha_{\infty}=\alpha_{\infty}^{L}=\alpha_{\infty}^{S}$ , $\beta_{\infty}=\beta_{\infty}^{L}=\beta_{\infty}^{S}$ .
. typical ,
$\varphi_{\infty}=0$ , $\psi_{\infty}=0$ , $\Psi_{\infty,\infty}=0$
most typical . ,
.
, . .
( ): $(\Phi, \Psi)$ $(C)$ .
$(\mathrm{I})-(\mathrm{V}\mathrm{I})$ . , $(S\Phi_{n}),$ $(S\Psi_{m})$ $n\geq 0,m\geq-1$
, $(L\Phi_{m}),$ $(L\Psi_{n})$ $n,$ $m\geq 0$ , $(S\Phi_{\infty}),$ $(S\Psi_{\infty})$ ,









. , $A$ , $\mathrm{K}[[q]]$
ultrametric , . ,
, $0$ $(S\Phi_{m}),$ $(S\Psi_{m}),$ $(S\Phi_{\infty}),$ $(S\Psi_{\infty})$
$(U1)$ $\lim_{marrow\infty}\Phi_{n_{)}m}=0$ , $\lim_{narrow\infty}\Psi_{n,m}=0$, $\lim_{marrow\infty}\Phi_{\infty,m}=0$ , $\lim_{narrow\infty}\Psi_{n,\infty}=0$ ,
,
$(U2)$ $narrow\infty 1\mathrm{i}\mathrm{n}\Phi_{n,n}=0$ , $\lim_{marrow\infty}\Phi_{m,m}=0$,
$\sum_{n=0}^{\infty}\Phi_{n,\mathrm{n}}$ , $\sum_{n=0}^{\infty}\Phi_{m,m}$
. $\varphi_{\infty}$ , \psi \infty .
5:
$\Phi_{n,m}=f_{n}g_{m}q^{nm}$ $\Psi_{n,m}=f_{n}g_{m}q^{(n+1)(m+1)}$ .











, 2 $x,$ $y$ .
, (3.6) .
5.1: $\Phi_{n,m}$ $\Psi_{n,m}$ :
(5.1) $\{$




$(y^{-1} ; q)_{-m}= \prod_{k=1}^{m}(1-y^{-1}q^{-k})^{-1}=(-)^{m}\frac{y^{m}q^{\frac{n\cdot(m+1)}{2}}}{(yq;q)_{m}}$
. $\Delta_{n}^{+}(\Phi_{n,m})=-\Delta_{m}^{-}(\Psi_{n,m})$ .
, 3 $\mathrm{K}[[x,y,q]]$ .





. [F] (13.3) . , $y=1$ .








. Sylvester Identity [Sy, $\mathrm{P}\cdot 91$ ] 1
. ( [F] (13.4) [A3, (9.2.3)] )
$x,$ $y,$ $q$ , . , $|q|<1$
$|y|\leq 1$ , (5.3) (5.2) $yarrow 1$ .
$yarrow 1$ ,
$\mathrm{A}\mathrm{b}\mathrm{e}\mathrm{l}$ ( $x$ ;q)\infty .
, ,






. , $v_{n}$ .
$(C)$
$(D)$ $\Delta^{+}\Phi=\Psi\Delta^{+}$
. , $\Delta^{+}$ $\Phi,$ $\Psi$ intertwine .
$(C)$ $(C^{*})$ $(R)$ , Euler
.
, $\Delta$ , $(D)$
, . . ,











$E_{L}=$ { $u=(u_{n})_{n=0}^{\infty}$ ;
$\exists$
nlhn $u_{n}$ }, $E_{S}= \{v=(v_{n})_{n=0}^{\infty} ; \exists\sum_{n=0}^{\infty}v_{n}\}$ .
$\Delta^{+}$
$E_{L}$ $E_{S}$ . $\Phi$ $\Psi$ (6.1)
. $\Phi$ $E_{L}$ , $\Psi$ $E_{L}$










, $\overline{\Delta}^{+}$ $E_{L}/\mathrm{K}\mathrm{e}\mathrm{r}(\Delta^{+})$ $E_{S}$
. $\Psi$ ( ) . $\overline{\Phi}$
$\mathrm{h}(\overline{\Phi})=?\mathrm{k}(\Phi)-\mathrm{h}(\Phi|_{\mathrm{K}\mathrm{e}\mathrm{r}(\Delta^{+})})$








. $\mathrm{K}\mathrm{e}\mathrm{r}(\Delta^{+})$ 1 $e^{(\infty)}= \sum_{r=0}^{\infty}e^{(r)}$ .
]} $(\Phi|_{\mathrm{K}\mathrm{e}\mathrm{r}(\Delta^{+})})$
$\langle e^{(\infty)*}, \Phi e^{(\infty)}\rangle=\lim_{narrow\infty}\sum_{m=0}^{\infty}\Phi_{n,m}=\lim_{narrow\infty}\alpha_{n}=\alpha_{\infty}$










). $\Psi_{n,-1}$ , - ,
, . -
\Psi n,\infty , $\Phi,$ $\Psi$ $E_{L}$ , Es
. , ,
.
Remark: $A$ $\mathbb{C}$ , ,
( -Schur : [K], [Sch] ; J ( ,






















, . $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\iota \mathrm{i}\mathrm{c}$ ,
.
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